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We carry out a relativistic calculation of the cross sections of electron-16O and -12C quasi-elastic scattering and
quasi-free ∆ production and compare with the (e, e′) data systematically in the wide energy range of 0.5 – 1.5
GeV. Using the same formalism, we examine the νµ quasi-elastic scattering from
16O. The model incorporating
the nuclear correlation effects agrees better with the electron-nucleus scattering data than a uniform Fermi-Gas
model. In the neutrino quasi-elastic scattering, the nuclear correlation has an appreciable effect on the cross
section of high-energy scattered leptons, and it may have an important consequence in the neutrino oscillation
measurements aiming at a few % precision.
1. Introduction
The field of neutrino physics is developing
rapidly after atmospheric neutrino oscillations
and solar neutrino oscillations have been estab-
lished [1,2,3]. Recently, SK collaboration has
found an evidence for the oscillatory signature in
atmospheric neutrinos, improving the determina-
tion of ∆m2 [4], and K2K experiment has con-
firmed the neutrino oscillations of atmospheric
neutrinos at the 99.99% CL [5,6]. These neu-
trino experiments measure the energy and angle
of muons produced in neutrino-nucleus interac-
tions and obtain the incident neutrino energy that
determines the neutrino oscillations. K2K takes
data at Eν=0.5–3 GeV region, and the recent L/E
analysis of the SK atmospheric neutrinos is based
on the dataset mainly from 0.5 to 25 GeV. JPARC
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and NuMI neutrino experiments [7,8] propose to
measure νµ → νe oscillations and to determine
∆m2 at 1% level of the precision and sin2 2θ13
above 0.006, using a narrow-band neutrino beam
at Eν = 0.8 GeV (JPARC) and 2.0 GeV (NuMI,
off-axis).
It is thus vital that theoretical calculations of
the cross sections and spectra could be carried
out with a similar reliability. For this, both of
neutrino-nucleus reactions and relevant nuclear
structure have to be well under control. At Eν=3
GeV or less, quasi-elastic scattering and quasi-
free ∆ production dominates the neutrino-nucleus
reactions. The reactions at this energy region are
associated with a wide range of the momentum
transfer and thus involve various aspects of nu-
clear structure. Because the momentum trans-
fer involved is large enough that nuclear correla-
tions are important as the relevant nuclear struc-
ture beyond a mean-field description. Further-
more, the neutrino-nucleus reactions do occur, in
fact rather appreciably, with a small momentum
1
2transfer, and requires a careful treatment of nu-
clear properties and reactions, as observed in the
deficit of events in the low Q2 < 0.2 (GeV/c)2
region [6,9], compared to what is expected based
on a Fermi gas model.
In this paper, we focus on the aspects of ef-
fects of nuclear correlations. Using the same
formalism, we study both of electron and neu-
trino quasi-elastic scattering in the energy range
of 0.5 and 1.5 GeV. For numerical calculations, we
mostly take 16O as it is the main target nucleus in
SK, K2K, and other experiments. We calculate
the cross sections of electron-16O quasi-elastic
scattering and quasi-free ∆ production, using
a relativistic plane-wave-impulse approximation
(PWIA) formalism [10,11] with a uniform Fermi-
gas model and a spectral function [12], and com-
pare with (e, e′) data, so as to examine the valid-
ity of the calculation. The PWIA neglects final-
state interactions, but we will estimate their ef-
fects using simple formalisms. Following the elec-
tron scattering, we examine neutrino-16O scatter-
ing to see how the effects observed in the electron
scattering manifest in the neutrino scattering.
2. Formalism
Electron-nucleus quasi-elastic cross section is
expressed as
dσ
dE ′dΩ
=
k′
8(2pi)4MAE
∫
d3pF (p, q, ω)
∑
spin
|MeN |
2,(1)
where E is the incident electron energy, MA the
mass of the target nucleus, E′ and k′ the en-
ergy and momentum of the scattered electron,
respectively. MeN is the invariant amplitude of
electron-nucleon elastic scattering. F (p, q, ω) is
the nuclear effect contribution expressed in terms
of p, q and ω; the initial nucleon momentum,
the momentum transfer, and the energy trans-
fer, respectively. F (p, q, ω) is proportional to the
imaginary part of the 1p1h Green’s function. For
high-energy scattering, we apply a factorization
approximation, a convolution of the 1p and 1h
Green’s functions:
F (p, q, ω) =
1
2MA
∫
dω′Ph(p, ω
′)Pp(p+ q, ω − ω
′). (2)
Here, Ph(p, ω) is proportional to the 1h Green’s
function, and is proportional to the nuclear spec-
tral function. The spectral function describes the
probability of removing a nucleon of the momen-
tum p with the removal energy ω from the nu-
cleus, which is usually referred to as the (nuclear)
spectral function. Pp(p, ω) is proportional to the
1h Green’s function. It describes the probability
for adding a nucleon, thus describing the final-
state interactions of the knocked-out nucleon as
it goes out the residual target nucleus.
For the neutrino-nucleus quasi-elastic cross sec-
tion, the invariant amplitude of electron-nucleon
scattering is replaced by that of neutrino-nucleon
scattering [13] with the same F (p, q, ω). For the
quasi-free ∆ production cross section, different
forms are used for both of the invariant ampli-
tude and Pp(p, ω).
The electron-nucleon scattering amplitudes
used in this calculation are of the standard form,
but we use the most up-to-date vector nucleon
form factors [14,15] and N − ∆ transition form
factors [16]. As to the invariant neutrino-nucleon
amplitude, we use the standard dipole form factor
with MA = 1.07 GeV.
The models used in this paper are the relativis-
tic, simple Fermi-gas model (FG) and a realistic
spectral function model (SF). FG was used by
E. Moniz and his collaborators more than three
decades ago [17,18]. It is known to yield a good
description of the total cross section, but to fail
to provide a reliable detailed description such the
transverse and longitudinal cross sections sepa-
rately [19]. In FG, Ph(p, ω) and Pp(p, ω) are
given by
Ph(p, ω) =
1
Ep
θ(PF − |p|)δ(Ep + ω) (3)
Pp(p
′, ω) =
1
E′p
θ(|p′| − PF )δ(E
′
p − ω), (4)
where Ep is the effective Fermi-momentum pa-
rameter, Ep =
√
p2 +M2 − EB with EB the ef-
fective nuclear binding-energy parameter and M
the nucleon mass, and E′p =
√
p′2 +M2. In our
calculation, we take PF to be 225 MeV and EB
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Figure 1. Contour plot of spectral function
P (p, E) of 16O [20].
27 MeV [18]. Note that Eq. (4) describes the
Pauli blocking condition in the final state.
SF uses a more realistic description of the ini-
tial, ground-state nucleus. Ph(p, ω) and Pp(p, ω)
in this model are given by:
Ph(p, ω) =
1
Ep
P (p, ω) (5)
Pp(p
′, ω) =
1
E′p
δ(E′p − ω) , (6)
where P (p, ω) is the spectral function. In this
work, we use P (p, ω) that was calculated by Ben-
har et al. [20], which includes the nuclear shell
structure combined with the short-range correla-
tions under a local density approximation. Note
that Eq. (6) for Pp(p, ω) represents the PWIA
we use.
3. Numerical results
3.1. e-nucleus quasi-elastic scattering and
quasi-free ∆ production
We now compare our calculation with electron-
16O scattering data at various incident energies.
For a reference, we also include the results for
electron-12C quasi-elastic scattering. The exper-
imental data we compare to are 16O(e′, e) at the
scattering angle θ = 32◦ for the incident energy
E =0.7, 0.88, 1.08, and 1.2 GeV [21], 12C(e′, e)
at θ = 60◦ for E = 0.5 GeV [22] and at θ = 50.4◦
for E = 0.78 GeV [23].
Figure 2 includes four figures of the 16O cross
sections at the four incident energies. The quasi-
elastic scattering contribution appears as the
most prominent peak on the left-handed side of
each figure. We see that FG overestimates the
quasi-elastic contribution at all energies, but SF
agrees with the data better especially above 1
GeV. The FG quasi-elastic contribution has a
parabola shape, but the SF contribution has tails
at both sides of the energy, especially prominent
on the high energy side. In SF, the strength
at the peak is reduced, moving mostly to the
high-energy tail region, as a consequence of the
inclusion of high-momentum components due to
nuclear correlations, in the spectral function in
F (p, q, ω). FG and SF yield similar contributions
to the quasi-free ∆ peak, in a good agreement
with the data at all energies. In the “dip” region
between the two peaks, both of the FG and SF
contributions are smaller than the data. SF gives,
however, larger contributions than FG and thus
a better agreement with the data, again as a con-
sequence of the inclusion of nuclear correlations
in F (p, q, ω).
In Fig. 3 we show a similar calculation for
electron-12C quasi-elastic scattering. We see the
same trend here.
We also examined the final-state interaction ef-
fects using a simple model based on high-energy
nucleon-nucleus optical potential [24]. In this,
Pp(p, ω) of SF is changed as:
Pp(p
′, ω) =
1
E′p
δ(E′p − ω)
→
1
E′p
W/pi
(ω − E′p)
2 +W 2/4
, (7)
where the imaginary part of the potential W is
related to the mean-free path of the outgoing nu-
cleon and is written as
W =
1
2
vρσNN (8)
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Figure 2. Combined cross sections of electron-16O quasi-elastic scattering and quasi-free ∆ resonance
production, using a spectral function (SF, solid curves) and a simple Fermi gas model (FG, dash curves),
compared with the (e, e′) data [21].
in terms of the nucleon density ρ and the nucleon-
nucleon cross section σNN . We use ρ = 0.16 fm
−3
and σNN = 40 mb for this simple estimate. Fig-
ure 4 shows that the final-state interactions move
the strength in the quasi-elastic peak to the tail
regions, and thus broaden the quasi-elastic peak.
We see that the deficit in the strength between
the two peaks of the quasi-elastic scattering and
quasi-free ∆ production is somewhat reduced and
the agreement with the data is improved some-
what.
In this work, we have not considered other pion
production process than the quasi-free ∆ produc-
tion. For this, some phenomenological [25] and
theoretical work [26] are available. We leave this
issue and others, such as exchange-current contri-
butions, as future work.
3.2. νµ-
16O quasi-elastic scattering
We now turn to the νµ-
16O quasi-elastic scat-
tering.
First, we examine the momentum-transfer Q2
dependence of the differential cross section using
FG and SF. Near the forward, Q2 is small and the
Pauli blocking (PB) plays the major role even in
this high-energy region. Accordingly, in addition
to the use of the same FG as before, we use two-
types of SF; without PB as previously shown in
Eq. (6), and with PB as
Pp(p
′, ω) =
1
E′p
δ(E′p − ω)
→
1
E′p
θ(|p′| − PF )δ(E
′
p − ω) . (9)
In this way, we include in SF a part of final-state
interaction effects, which is generated by PB.
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Figure 3. 12C(e′, e) quasi-elastic scattering cross
section using FG model (dotted curves) and SF
model (solid curves), compared with the (e, e′)
data [21,22].
Pp(p
′, ω) takes a more complicated form when
the effects are included more realistically, and the
calculation here is a simple estimate.
The νµ-
16O quasi-elastic cross section thus cal-
culated is shown in Fig. 5. By comparing the
cross sections by the two types of SF cross sec-
tions, with and without PB, we see that the Pauli
blocking clearly plays a decisive role and that the
cross sections calculated by SF with PB and by
FG are quite close in the low Q2 region. This
is reasonable since SF with PB and FG use the
same Pp(p
′, ω) by incorporating PB in the same
way.
Note that the the small Q2 contribution is usu-
ally not considered in the case of electron scat-
tering as the cross section diverges for Q2 → 0
and also the incident beam line experimentally
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Figure 4. Combined cross section of electron-
16O(e′, e) quasi-elastic scattering and quasi-free
∆ resonance production. the figure is the same
as Fig. 2, except for SF with the final-state in-
teraction is added and is shown using the dotted
curves.
prevents a measurement close to forward. In the
case of the high-energy neutrino scattering, the
situation is quite different as we know: Ample
events appear near the forward, making it vital
to understand the forward depression as shown in
Fig. 5. We note that, though not shown here, the
electron scattering cross sections given in Figs. 2-
3 are changed little by the inclusion of the Pauli
Blocking effect (9). The momentum transfer as-
sociated with the kinematics examined in these
figures is large.
Second, we examine the νµ-nucleus cross sec-
tions as a function of the scattered muon energy.
Figure 6 compares the cross sections calculated
by the three different ways as before: FG and SF
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Figure 5. Differential cross section of 16O(νµ, µ
−)
quasi-elastic scattering as a function of square of
the momentum transfer Q2 at the neutrino inci-
dent energy E = 0.8 and 2.0 GeV. The cross sec-
tions are shown, calculated using SF without and
with the Pauli blocking (solid and dash curves,
respectively) and FG (dotted curves.)
with and without PB. The difference between SP
with and without PB observed in lowQ2 region in
Fig.5 corresponds to that at the higher end of Eµ
spectrum in this figure. FG yields a larger high-
energy peak contribution. This difference is not
due to the Pauli blocking, but due to the nuclear
correlation effects in the spectral function: The
difference is after all associated with scattered
muons at a high energy. This difference should
show up in the forward angle cross section. We
emphasize that this difference may have a direct
effect on neutrino oscillation measurements.
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Figure 6. Differential cross section of 16O(νµ, µ
−)
quasi-elastic scattering as a function of the scat-
tered muon energy for E = 0.8 and 2.0 GeV, us-
ing SF without and with the Pauli blocking (PB)
(solid and dash curves, respectively) and FG (dot-
ted curves).
4. Conclusion
We have carried out a relativistic calculation of
the cross sections of electron-16O and -12C quasi-
elastic scattering and quasi-free ∆ production and
have compared with the data systematically in
the wide energy range of 0.5 – 1.5 GeV. Using
the same formalism, we have then examined the
νµ quasi-elastic scattering from
16O.
We find that Spectral function calculation
agrees better with the experimental data A(e, e′)
than a uniform Fermi-gas model. In particular,
this is important to explain the ”dip region” be-
tween the quasi-elastic interaction and the delta
production kinematics. A uniform Fermi-gas
7model cannot fill the dip region. In addition, the
total cross section does not change between the
uniform Fermi-Gas model and the spectral func-
tion calculation within 10%, but the differential
cross section as functions of the scattered muon
energy changes as much as 20–30%. We think
that this is very important for the future neutrino
experiments aiming at 1% or better precision.
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